We test the validity of cosmic censorship in the rotating anti-de Sitter black hole. For this purpose, we investigate whether the extremal black hole can be overspun by the particle absorption. The particle absorption will change the mass and angular momentum of the black hole, which is analyzed using the Hamilton-Jacobi equations consistent with the laws of thermodynamics. We have found that the mass of the extremal black hole increases more than the angular momentum. Therefore, the outer horizon of the black hole still exists, and cosmic censorship is valid.
Introduction 2 The Rotating AdS Black Hole
The rotating AdS black hole is the solution to 4-dimensional Einstein gravity with the negative cosmological constant. The black hole has mass parameter M and spin parameter a. The metric is where the cosmological constant Λ is −3/ℓ 2 in terms of the AdS radius ℓ. The function Ξ is defined as a positive value. The outer horizon r h is located at ∆ h ≡ ∆r r=r h = 0. The angular velocity Ω h at the black hole outer horizon is Ω h = aΞ r 2 h +a 2 . However, the metric still has a non-zero angular velocity Ω∞ = − a ℓ 2 at the boundary, r → ∞. Therefore, the angular velocity at the horizon for the non-rotating frame observer is
The black hole mass MB and angular momentum JB are defined in the non-rotating frame [63] [64] [65] [66] 
where G = 1 in this paper. The black hole horizon area A h and Bekenstein-Hawking entropy SBH are
and the Hawking temperature is
The Thermodynamics under Particle Absorption
We now test the validity of cosmic censorship through a particle that should satisfy the first and second laws of thermodynamics. The black hole changes infinitesimally due to energy and momenta of the particle entering into the black hole horizon. To set the particle momenta as control parameters, the first-order equations of motions are obtained using the Hamilton-Jacobi method [67] with the separability [68] . Hamiltonian with the particle momenta pµ is written
The Hamilton-Jacobi action with the particle mass m is constructed as
where the conserved quantities are E and L, corresponding to the particle energy and angular momentum. We can find all of geodesics from Eq. (7). The geodesic equations for the radial momentum p r and θ-directional angular momentum p θ are given as
These equations are united to construct the particle energy equation by eliminating the separate constant K. The particle energy is obtained from
where the coefficients are
The positive-root solution is taken in Eq. (9) to describe the future-forwarding particle [1, 2] . Now, we write the particle energy in terms of the particle momenta at a given location. The conserved quantities of the particle will be absorbed to those of the black hole when the particle passes through the black hole horizon. Solved at the horizon, the particle energy E h is
where ρ
h . The control parameters are only p r and L in Eq. (11). For the asymptotically flat limit such as ℓ → ∞, this becomes the equation of the Kerr black hole case [56] . However, it does not satisfy the second law of thermodynamics in this AdS case. To resolve this problem, the energy is redefined by adding the effect of the boundary. At the limit of r → ∞, the energy a particle moving on the θ = π/2 plane is obtained as
The spin parameter of the black hole still contributes to the energy of the massless particle with p r = 0. The energy contribution isÊ
Note that the ratio of the mass and angular momentum is the same as the angular velocity of the rotating AdS boundary Ω∞ [63, 64] . The real particle energy EP is set to no spin contribution of the black hole at infinity, such as in a non-rotating frame, so
where the coefficient PJ is the same as the angular velocity Ω of the black hole in a non-rotating frame. Under the particle energy in Eq. (14), the corresponding black hole mass and angular momentum infinitesimally change by the particle
The change in the black hole mass is explicitly described as
which will guarantee the second law of thermodynamics. The change of the black hole mass may consist of the reducible energy from angular momentum and the irreducible energy from radial momentum in Eq. (16) . The irreducible mass Mir is integrated out from removing the rotational energy from the change in black hole mass
The square of the irreducible mass is proportional to the black hole entropy SBH in Eq. (4). The irreducible mass is only dependent on the particle radial momentum. However, the rotational energy depends on the angular momentum sign L, so it stands as a reducible mass. Therefore, the irreducible mass always increases when a particle falls into the black hole. This guarantees the second law of thermodynamics in particle absorption. To prove this, we perturb the entropy in Eq. (4) by the particle energy and momenta constrained in Eq. (16) . The change in the entropy is obtained
This is reduced to the simple equation
The functionḊ is zero at the extremal black hole and positive at the outer horizon of the non-extremal one, so that the total sign of the equation is positive. Therefore, the black hole entropy always increases when a particle is absorbed into the black hole. It proves the second law of thermodynamics under the process. Rewritten from Eq. (16) using Eq. (19), the change in the black hole mass is
which is the first law of thermodynamics. Therefore, the particle satisfies the laws of thermodynamics.
The Validity of Cosmic Censorship
Now, we will prove the extremal black hole for the validity of cosmic censorship under the absorption of this particle. The extremal black hole horizon r h is located at the minimum point of the function ∆r(r) . Before the particle absorption, the initial extremal black hole horizon satisfies
The black hole mass and angular momentum infinitesimally change after the particle absorption, so the function ∆r(r) has a different minimum value. If the positive minimum value of the function ∆r(r) is positive, then there does not exist the horizon, and cosmic censorship is invalid. If the function ∆r(r) has a negative or zero minimum value, the horizon still exists, which proves the validity of cosmic censorship. The particle changes the minimum point location to r h + δre,
The minimum point r h + δre may no longer be the horizon. The particle absorption changes the minimum value of the function ∆r(r) as ∆r(r h + δre) = DM δMB + DJ δJB +Ḋδre = DM PP |p r | .
The minimum value is always negative for the extremal black hole, because the coefficient DM is negative for the black hole. Therefore, this guarantees the validity of cosmic censorship. Also, the minimum is only one extremum of the function ∆r(r), because the second derivative of the function ∆r(r) with respect to r is always positive. The function ∆r(r) gives a positive value at r = 0, so the negative minimum value provides two horizons. One is outer horizon. The other is inner horizon. This implies that the outer horizon of the black hole still exists, and the extremality is broken for non-zero radial momentum. Note that this conclusion does not depend on the angular momentum of the particle. The non-extremality after the particle absorption implies that the black hole mass increases more than the angular momentum of the extremal black hole. In conclusion, the extremal rotating AdS black hole becomes a non-extremal one, and cosmic censorship is valid under the particle absorption.
Summary
Cosmic censorship is valid in the rotating AdS black hole under particle absorption. Using particle energy and momenta, we have investigated whether the extremal black hole can be overspun or not. We have redefined the particle energy to remove the contribution of the black hole rotation at the spacetime boundary. Under the redefinition, the particle satisfies not only the equations of the motions, but also the laws of thermodynamics. After the particle absorption, the extremal black hole mass increases more than the angular momentum of the black hole. In other words, the final state has one more horizon than the initial one, hence it becomes non-extremal, and cosmic censorship is valid.
